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The a sympto t i c  s m a l l - p a r a m e t e r  me thod  is used to t h e o r e t i c a l l y  s tudy s teady  r e g i m e s  of flow 
of th in  l a y e r s  of a v i s cous  l iquid o v e r  an incl ined s u r f a c e  a t  low f i lm Reynolds  n u m b e r s  unde r  
condi t ions  of r educed  g rav i t a t ion .  

Under  ac tua l  condi t ions  at  r e l a t i ve ly  low d i s c h a r g e s ,  the loss  of s tabi l i ty  of' a l a m i n a r  nonwavy f i lm flow 
with r e g a r d  to  f a i r ly  long-wave  p e r t u r b a t i o n s  l eads  to  the e s t ab l i shmen t  of flow r e g i m e s  in which the f r e e  
s u r f a c e  of the f i lm r e p r e s e n t s  a pe r iod ic  wave of low ampl i tude  ( reg ime of s l ight ly  non l inea r  waves)  [1]. The 
s m a l l n e s s  of the " l o n g - w a v i n e s s "  p a r a m e t e r  - the ra t io  of the unpe r tu rbed  th ickness  of the f i lm to  the w a v e -  
length of the  p e r t u r b a t i o n  - and the r e l a t ive  s m a l l n e s s  of the f i lm Reynolds  n u m b e r s  makes  it poss ib le  to use 
the s m a l l  p a r a m e t e r  me thod  to s tudy this r e g i m e .  Thus ,  the fol lowing non l inea r  evolut ional  equat ion was ob-  
ta ined  in [2] in a f i r s t  app rox ima t ion  to d e s c r i b e  the wave flow of a thin l iquid f i lm:  

0r + _2__0 1 + ~13 - -  e - tg ~z ~l 3 + 
Ot Ox 3 "-Ox 3' ] Ox 

-~ Re - ~ -  v~ + ~ v.n + -L-7 v~n ~ + 2 60 - ~ -  v~n~ n~ = o. (1) 

Here ,  we have  in t roduced  the fol lowing d i m e n s i o n l e s s  va r i ab l e s  (the p r i m e s  denote the c o r r e s p o n d i n g  d i m e n -  
s ional  va r i ab les ) :  

t =  uo t', x = x ' / k ,  !1=-~o ' vu = v 
k ~ u o 

Re h - -  h o (2) 
P =  2 P', (P-- , 

9Uo ho 

and the p a r a m e t e r s  

R e -  u~176 T - -  3e'~We, We o h o 
v ' cosa 9gh~ ~ e - -  k 

( c o s a  g )I/3(~2/3 ho ( 3 vQ ) ' /a  
u0 = 3 v cos a g 

w h e r e  u 0 and h 0 a r e  the  m e a n  ve loc i ty  and th i ckness  of the f i lm in the nonwavy r e g i m e ;  ~ is the angle of i nc l i na -  
t ion to the ve r t i ca l .  We a l so  in t roduced  the funct ion 9~ and its der iva t ives"  

OF 1 (  dF O'(p ) 
v 2 = - ~ - ,  v3= T H., - -T  

dx OtOx 3 ' 

V~ = - -  I_I_ TG, Vs -- 1 TG, q =  1 + %  
3 t2~q 

F = 3 q o + T  0~r ~1, H =  ( 3 + T  0~q~ ) 0~rr 
�9 Ox ~ \ -~Ux~ / n, G = f t  --Ox ~ 
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Equat ion (1) was  obtained f r o m  the bas ic  s y s t e m  of equat ions  of mo t ion  in an approx ima t ion  of the thin 
liquid l a y e r  and the co r r e spond ing  boundary  condi t ions  with e tan ~ ~ 1 (the angles  of incl inat ion of the s u r f a c e  
to  the v e r t i c a l  m a y  be f a i r ly  c lose  to ~/2)  and T ~ 1 (the f i lm n u m b e r  of the inves t iga ted  l iquid F i  = a 3 / p  3gu4 

is f a i r ly  high).  The la t t e r  condit ion al lows us to s tudy e i t h e r  the flow of l iquids with a h igh su r f ace  tens ion  and 
low v i s cos i t y  o r  the flow of  any l iquid under  condi t ions  of r e d u c e d  g rav i t a t ion .  The au thors  of [2] s tudied s teady  
flows of a thin liquid f i lm with T ~ e.  However ,  the range  of val idi ty  of these  r e s u l t s  is v e r y  l imi ted  as  a r e -  
sult  of the r e q u i r e m e n t  that  Re ~ 1. I t  should be noted that ,  g iven low values  of the f o r c e  of g rav i ty ,  the case  
Re ~ 1 is the m o s t  r ea l i s t i c .  

We will  l imi t  o u r s e l v e s  below to  s tudying s l ight ly  non l inea r  waves  (q~ << 1) unde r  r educed  g rav i t a t ion  
(T ~ 1) with sma l l  angles  of incl inat ion of the f lat  s u b s t r a t e  to the ve r t i c a l  (tan ~ ~ 1). Replac ing  the de r iva t ive  
8 / 8 t  by - 3 8 / S x  - 1/38~/8x4 in the f i r s t - o r d e r  t e r m s  of the sma l l  p a r a m e t e r  in (1) and at once cons ide r ing  the 
r e l a t ion  between the sma l l  p a r a m e t e r s  e Re  and ~, such  as  e r e  ~ 92, we obtain (e = 1, with the s e l ec t i on  of an 
a r b i t r a r y  sca le  equal to h~ 

Or + 3 ( l + m )  -~-x ' A Ox ~ + B .  Ox ~ + 

-{-C 0 ~  + D ,  0~q~ ' 3B (1 ' ~ p ) ~  0, 
ax ~ a x  a - ; -  - ,_  _ = 

A = ~ - 6  R e - - t g a ,  B = - - - , W e  C - - - - 1 0  We Re , D =  2 We 2Re 
o cosa 7 cosa 5 cos 2a 

We will r e p r e s e n t  ~o in the f o r m :  

1 
qD = ~ r exp (in (oJt - -  kx)),  o - -  Q - -  i7, k = 2~  (4) 

Here ,  k, a ,  and T a r e  rea l ,  and it fol lows f r o m  the r e a l n e s s  of ~ that  ~ - n  = ~ * ,  where  the a s t e r i s k  denotes  
complex  conjugat ion.  F o r  s l ight ly  non l inea r  waves ,  ~n  ~qn /2  [3], whe re  q = ~_ ,Ot  = {~t {2 is the s q u a r e  of 
the wave  of the  f i r s t  h a r m o n i c .  Thus,  cons ide r ing  tha t  Eq.  (3) was  obtained with an a c c u r a c y  to  within the  
t e r m s  (pa~ q3/2, only t e r m s  of the o r d e r  q can r e m a i n  in the expansion (4), i .e . ,  only h a r m o n i c s  with the n u m -  
b e r s  [n { _< 2. Inse r t ing  (4) into (3), we have the fol lowing fo r  n = 1 and n = 2, r e spec t i ve ly :  

[i (co - -  3k  - -  Ck  ~) - -  A k  z + B k  ~ + D k  s] q91 - -  3 (ik - -  B k  ~) (P~O_~ - -  

- -  6 ik  (el)col) ~ + (P2tl)_l) + 3 B k  ~ ((I)oCp 1 + 7qg~(P_~) : O, 

[i (~o - -  3k - -16Ck 5) - -  2 A k  ~ -[- 8 B k  ~ + 128DkS] (D. - -  3 (ik .--  B k  ~) (p~ = O. 

F r o m  which it fol lows that  

3 (ik - -  B k  ~) 
(l)~ : 

i (~ - -  3k - -  16Ck 5) - -  3Ak 2 -}- 8 B k ~ +  128Dk 8 

i ((o - -  3k - -  Ck 5) - -  A k  2 + B k  ~ -~ D k  s : q {3 ik  - -  3 B k  ~ + 

9 (ik - -  Bk~)(2ik - -  7 B k  ~) 
+ 3(I)o (2ik  - -  B k  ~) + 

i ((o - -  3k - -  16Ck 5) - -  2 A k  ~ + 8 B k  ~ + 1 2 8 D k  s 
. 

(5) 

The quant i ty  G0 is d e t e r m i n e d  by the condit ion w h e r e b y  the d i m e n s i o n l e s s  d i s c h a r g e  of the l iquid in the p e r -  
t u rbed  f i lm m u s t  be equal to  its p r e s c r i b e d  value [to unity in the va r i ab l e s  (2)]. As in [2], G 0 = - 2 q .  

Equat ion (5) al lows us to  d e t e r m i n e  w (and thus ~2 andT)  as a funct ion of the wave  n u m b e r  k and the squa re  
of the ampli tude q. Cons ide r ing  the s m a l l n e s s  o f  q, we obtain 

Thus, 

P. = ~1 (k) + q ~  (k), 7 = r l  (k) + qr~ (k). 

~1 = (3 + Ck ~) k,  F1 = (A - -  B k  ~ - -  D k  6) k 2, 

27k 8 [5C (7B2k 6 - -  2) + 3 B  (A - -  7 B k  2 - -  127Dk8)] 
~22 = - - 9 k  + 

225CZk 8 + (A --.  7 B k  ~ - -  127Dk~) z 
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9 [(7B2k 6 - -  2)(A - -  7Bk 2 -  127Dk ~) - -  135BCk ~ 
F~ = 3BE' 

225C~U + (A - -  7Bk 2 - -  127Dk~ z 

Since a steady regime corresponds to zero increment in the growth of the oscillations 7 and this value corre- 

sponds to the maximum value of 7 regarded as a function of the wave number k [3], we obtaL.~ the following 
two equations: 

r~ (k) + qr~ (k) = o ~ d  
dF1 dY2 

+ q  = 0  
dk dk 

d e t e r m i n i n g  k and q.  F r o m  h e r e ,  with a p r e s c r i b e d  a c c u r a c y ,  

q= Fl(km) , k Fl(km) dF~ '(dZrl )-~ 

( a~r~)-~(dD~ D,(k.))_~(k.) ] r,(k.) 
~,(k.) + [ ar~ k. r~(k~----T' 

c ~= k km L dkm dk~ dkm k~ 

(6) 

w h e r e  k m is  the  wave  n u m b e r  f o r  w a v e s  of m a x i m u m  g r o w t h  (the wave n u m b e r  f o r  which  the l i n e a r  i n c r e m e n t  
of the o s c i l l a t i o n  b u i l d - u p  i s  m a x i m a l ) .  

Equa t ions  (6) a l low us to  ob ta in  a n a l y t i c a l  e x p r e s s i o n s  f o r  k, q, and  c.  H o w e v e r ,  in v iew of the a w k w a r d -  
n e s s  of t h e s e  e x p r e s s i o n s ,  i t  wou ld  p r o b a b l y  be  m o r e  s e n s i b l e  to  c o n s t r u c t  t h e i r  a p p r o x i m a t i o n s .  Thus ,  f o r  
F i  ~ = 12 .5-15  and F i  ~ = 25-30  (for  e x a m p l e ,  w a t e r  a t  g = 1.0 m / c m  2 a n d g  = 0.001 m / c m 2 ) ,  wi th  ~ = 0 we 
have ,  r e s p e c t i v e l y :  

k R e = O , 9 7 1 5 ( - ~ - e - e )  - -&5396  We ] + 9 6 " 0 5 7 \ - ~ e /  

^ Re3 Re~ -t- Re9 
q = O.Ob---- 0.6743-- 35.2759 - -  

We We ~ We 3 

c = 3 + 0 . 0 1 9 4  Re'~ --77.2376 Pe6 - -246 .37 i8  Re9 
We We ~ We 3 

( Re a /~'/2 ( Re 3 "~3/2j ( Re' ~5/2 
k Re =: 0.7698 \ - ~ e  - -  14.8448 -+- 184,4019 we /--~;-/ " 

q = 0.06 RO § 1.324 Re~ -t-11.9969 Re~ 
We We z We "~ 

c = 3 - -  7.9926 Re-----~3 + 1013.207 Re6 12791.8 Re9 
We We 2 We ~ 

Res/We = 3.~/3 (Re/Fi I ,,1 ,)1113 

(7) 

(s) 

Equa t ions  (7) and (8) a r e  v a l i d  f o r  s m a l l  R e y n o l d s  n u m b e r s  [Eqs.  (7) f o r  Re  _ 5, Eqso (8) f o r  Re _ 8]. The 
e r r o r  of t he  a p p r o x i m a t i n g  f o r m u l a s  i s  no g r e a t e r  t han  10%. 

Thus ,  a r e d u c t i o n  fll the  f o r c e  of g r a v i t y  l e a d s  f i r s t  of a l l  to a c e r t a i n  e x p a n s i o n  of the  r e g i o n  of s t a b i l i t y  
of i a m i n a r  f low wi th  a cons t an t  f i l m  t h i c k n e s s  (the i n s t a b i ! i t y  sh i f t s  in the  d i r e c t i o n  of g r e a t e r  l o n g - w a v e  p e r -  
t u r b a t i o n s ) ,  and the  c r i t i c a l  f i l m  R e y n o l d s  n u m b e r  r e m a i n s  the  s a m e  a s  u n d e r  ac tua I  cond/ t ions  (with a = 0, 
R e c r  = 0); s econd ,  the high f i l m  n u m b e r s  F i  h i n d e r  the  a p p e a r a n c e  of waves  which  a r e  c l o s e  to h a r m o n i c ,  and  
t h e s e  w a v e s  a r e  s t a b i l i z e d .  

N O T A T I O N  

A, B, C, D, func t ions  i n t r o d u c e d  in  (3); c,  d i m e n s i o n l e s s  p h a s e  ve loc i t y ;  F~ G, H, func t ions  i n t r o d u c e d  in  
(1); g, a c c e l e r a t i o n  due to  g r a v i t y ;  h, h 0, f i l m  t h i c k n e s s  in the  wavy  and nonwavy  r e g i m e s ;  k, wave  n u m b e r ;  k m,  
wave  n u m b e r  f o r  waves  of m a x i m u m  growth;  L,  d i m e n s i o n l e s s  wave leng th ;  p,  p ' ,  d i m e n s i o n l e s s  and d i m e n s i o n a l  
p r e s s u r e ;  q, s q u a r e  of the  a m p l i t u d e  of the  f i r s t  h a r m o n i c  of the  wave ;  T,  p a r a m e t e r  in  (1); t ,  t ' ,  d i m e n s i o n l e s s  
and d i m e n s i o n a l  t i m e ;  u 0, m e a n  v e l o c i t y  in the  nonwavy r e g i m e ;  V i, func t ions  i n t r o d u c e d  in (1); 7 ,  7 ,  d i m e n -  
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s ionless  and dimensional  velocity;  x, x ' ,  y,  y ' ,  d imens ionless  and dimensional  longitudinal and t r a n s v e r s e  co-  
ordinates;  a ,  angle of inclination of the f lat  subs t ra t e  to the ver t ica l ;  Y, inc rement  of osci l lat ion build-up; ~, 
" long-waviness"  p a r a m e t e r ;  ~, d imens ionless  f i lm thickness;  k ,  l inear  longitudinal scale ;  ~, kinematic  v i s -  
cosity; p ,  density of the liquid; e ,  sur face  tension;  q, d imens ion less  ampli tude of the wave; ~2, f requency of 
the wave; co, complex f requency of the wave; Fi,  f i lm number ;  Re, We, Reynolds and Weber  numbers ;  *, c o m -  
plex conjugation. 
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PRESSURE PULSATION MECHANISM IN A NONUNIFORM 
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A model is p roposed  for  p r e s s u r e  osci l la t ions in a fluidized bed. A fo rmula  is obtained fo r  
the osci l lat ion f requency and calculated values a r e  compa red  with exper imenta l  data.  

Three  types of p r e s s u r e  pulsat ions a re  evidently poss ib le  in a nonuniform fluidized bed, which is an 
osc i l l a tory  sy s t em .  The f i r s t  type is connected is the washing of the p r e s s u r e  m e a s u r e m e n t  device by a bubble 
in the bed [1, 2]. The second type is connected with the f r ee  osci l lat ions in the s y s t e m  c o m p r i s e d  of the bed 
and the gas  inlet.  These osci l lat ions de te rmine  the s ta te  of the bed when the r e s i s t ance  of the gas  d i s t r ibu tor  
is low and the p r e g ra t e  volume is high [3, 4]. The th i rd  type of pulsation,  which p redomina tes  in ord inary  
nonuniform beds,  is connected with the natura l  f requency  of the gravi ta t ional  osci l la t ions of the bed. Todes [5] 
p roposed  a fo rmula  to evaluate the f requency of these  osci l la t ions  ~ = g0.5/(2~H0.5). It  co r r ec t l y  re f lec t s  the 
dependence of v on H, but the values of the p r e s s u r e  pulsat ion f requency it gives a r e  only half as g r ea t  as the 
exper imenta l  values .  For  n e a r - u n i f o r m  fluidization conditions, i .e. ,  f o r  shallow beds or  low fluidization v e -  
loci t ies ,  the following re la t ion was obtained [6]: 

1/g (2 i e)/(2~ :-: t, H ~  ). (1) 

This fo rmula  gives the best  ag reemen t  with the exper imen ta l  data at ~ = 0.4-0.5.  However ,  the assumpt ion  
of a synchronous change in poros i ty  over  the en t i re  height of the bed wMch was made in der iving the fo rmula  
is inconsis tent  with physica l  r ep resen ta t ions  of pa r t i c le  fluidization, and the authors  t hemse lves  note that  the 
change in poros i ty  is actual ly propagated  in the f o r m  of a wave f r o m  the g ra te  to the top boundary of the bed. 
The p r e s e n t  work  studies p r e s s u r e  pulsat ions  in the volume of a la rge  appara tus  in the r eg ime  of intensive 
bubble fluidization. 

Observat ions  show that at the moment  a gas  bubble e scapes ,  the column of pa r t i c l e s  underneath the bubble 
r i s e s .  At the s ame  t ime ,  the pa r t i c l e s  in the adjacent  regions  descend and c i rcula t ion loops a re  f o rmed  (Fig. 1). 
To calculate  the na tura l  f requency of the bed osci l lat ion,  we will s impl i fy  the actual  s i tuat ion and r e p r e s e n t  it 
in the f o r m  of osci l la t ions of an ideal liquid in a U-shaped  tube (Fig. 1). The equation descr ib ing  the osc i l l a -  
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